The stability and trajectory control of a quadrotor carrying a suspended load with a fixed known mass has been extensively studied in recent years. However, the load mass is not always known beforehand in practical applications. This mass uncertainty brings uncertain disturbances to the quadrotor system, causing existing controllers to have a worse performance or to be collapsed. To improve the quadrotor's stability in this situation, we investigate the impacts of the uncertain load mass on the quadrotor. By comparing the simulation results of two controllers --the proportional-derivative (PD) controller and the sliding mode controller (SMC) driven by a sliding mode disturbance of observer (SMDO), the quadrotor's performance is verified to be worse as the uncertainty increases. The simulation results also show a controller with stronger robustness against disturbances is better for practical applications.
INTRODUCTION
Aerial load transportation has recently received considerable attentions as an important application of the physical interaction between unmanned aerial vehicles (UAVs) and the surrounding environment [1, 2] . Specifically, quadrotor UAVs can play an important role in delivering loads to some dangerous or hardly inaccessible places due to their simple mechanical structures as well as desirable hovering and vertical take-off and landing (VTOL) capabilities [3] [4] [5] [6] [7] . Even though the quadrotor load transportation is promising, it is still very challenging in real situations. One reason is the quadrotor itself is an underactuated system. With only four inputs with six degrees of freedom (DOF) to control, the quadrotor is easily unstable and inherently difficult to control. Another difficulty is suspended loads can change the quadrotor's own dynamics, thereby bringing external disturbances into the quadrotor model. This could also potentially cause existing model-based controllers to have decreased performance or even collapse. These open challenges limit the stability performance of quadrotor load transportation and therefore hinder its adaption in practical applications.
With the help of the quadrotor's popularity, some researchers have started solving these challenges in certain load transportation, i.e. the quadrotor with a fixed known load. Their work mainly investigated the quadrotor's stability and trajectory tracking performances. For example, [3, 4] generated and tracked swing-free trajectories by utilizing the dynamic programming algorithm. A novel coordinate-free form for dynamic motion equations was developed in [5] , which was suitable for robot control system design. A geometric nonlinear controller was also presented to asymptotically stabilize the whole system. [8] proved a quadrotor with a cable-suspended load system to be differentially-flat and proposed a nonlinear control method to track the trajectory in a two-dimensional plane. The extension of this method for 3D cases was given in [9] . The change of a quadrotor's center of gravity (CoG) caused by the swing load was dealt with by an adaptive controller in [10] . In [11] , more challenging trajectory tracking such as passing through a small window without prior knowledge of the window position was obtained using an iterative LinearQuadratic-Gaussian algorithm. [12] presented a new motion planning method by generating trajectories with minimal residual oscillations through a finite-sampling, batch reinforcement learning technique. [13] explored the safe and precise operation of the quadrotor with a heavy slung load through a novel nonlinear model predictive controller. In [6, 7, [14] [15] [16] , the situation in which multiple quadrotors working together to transport a cable suspended load in a threedimensional space was studied.
However, the practical load mass information could be completely uncertain beforehand [17, 18] . From the quadrotor's perspective, this load uncertainty results in a correspondingly uncertain external disturbance. If the controller is not robust against external disturbances, then the quadrotor's stability could be notably affected. This vulnerability is unacceptable considering the real application needs a stable load transportation method. To render the quadrotor load transportation practically useful, there is a fundamental need to both understand the influence of the load mass uncertainty and develop a controller to better deal with this uncertainty.
Few works have been reported for the quadrotor transporting uncertain loads. [17] treated the uncertain load as a parametric model uncertainty and developed an adaptive robust controller to compensate for this uncertainty. However, the load in [17] was assumed to be attached to the quadrotor directly, which makes the dynamic model less complex than that of a suspended one. Therefore, the method in [17] may not be considered to apply in the suspended load situation. By treating the uncertain load mass as a nominal mass plus an uncertainty, [18] proposed a fixed-gain nonlinear proportional-derivative (PD) controller for the nominal one and designed another retrospective adaptive controller to compensate for the uncertainty. However, this compensation was considered in only altitude direction. Since the load mass uncertainty affects more than altitude motion, this compensation design may limit its practical applications. More importantly, both [17] and [18] did not clearly investigate the vital influence of the uncertain load on the quadrotor.
In this work, our goal is to improve the quadrotor's stability under the influences of uncertain suspended load masses. In order to achieve this goal, we need to understand how the load mass uncertainty impacts the quadrotor's stability. For the summarization of this understanding, we evaluate the performances of two controllers --the PD controller and the sliding mode controller (SMC) driven by a sliding mode disturbance of observer (SMDO). Although some SMC related controllers have been done for the quadrotor [19] [20] [21] [22] , they are only designed for the quadrotor itself. In this work, we modified this advanced method accordingly so that we can apply it into a new scenario, i.e. a quadrotor with a suspended load, to get a comparison. In short, our main contributions include: (1) In terms of the stabilization time and attitude angle overshoot, investigate the impacts of the uncertain load on the quadrotor. The quadrotor's stability is proved to be worse as the uncertainty increases. (2) Verify that a controller with strong robustness against disturbances is a better choice for the quadrotor carrying an uncertain suspended load. The better performance of SMDO-SMC than a conventional PD controller supports this conclusion.
MATHEMATICAL MODELING
The controller design should be based on a realistic dynamic model so that the design can be evaluated judicially. Therefore, in this section, we focus on the development of a realistic and comprehensive dynamic model of this interconnected system.
Assumptions
Mathematical models are of great importance for the quadrotor control. Without violating the correctness of the final result, we can make the following assumptions to help us simplify the dynamic modeling [23] .
1) The quadrotor body is rigid and symmetrical.
2) The quadrotor's center of gravity is coincided with the body fixed frame origin.
3) The suspension point is exactly the quadrotor's center of gravity. 4) The cable is massless and the cable force is always nonnegative and non-negligible. 5) There are no other external disturbances or interactions, such as wind gust, to the quadrotor except for the load. These assumptions are considered to be sufficient and valid for the realistic representation of the quadrotor with a swing load system, which is used for a nonaggressive trajectory tracking [23] . With assumption (1), we can make the body fixed inertia matrix to be diagonal or, in other words, the product of inertia off the diagonal is zero. Assumptions (2) and (3) help to simplify the dynamic modeling by eliminating some unnecessary offsets to the quadrotor's center of gravity. According to assumption (4), the cable should always be taunt to ensure the load is prevented from flying into the upper hemisphere of the quadrotor. Assumption (5) rejects the highly nonlinear aerodynamic affects to ensure the load is the main influence on the quadrotor.
Quadrotor Dynamic Modeling
To derive the motion equations of a 6 DOF quadrotor, we first define two coordinate frames shown in Figure 1 . Frame {W} is defined as the inertial frame (world frame) and Frame {B} is the body frame. (1) - (2), (5) and considering the lowspeed fly situation, we can derive the quadrotor dynamics as [24, 25] 
̇=
(1)
where = (x, y, z) T ∈ ℝ is the quadrotor position measured in frame {W}, =̇∈ ℝ is the linear translational velocity expressed in frame {W}, ̇∈ ℝ is the linear translation acceleration expressed in frame {W}, is the quadrotor mass, = (0,0, ) is the acceleration of gravity, ∈ is a rotation matrix from the body frame {B} to the inertial frame {W}, is upwards thrust directed along the negative bodyaligned z-axis, ∈ ℝ is the angular velocity expressed in frame {B}, ̇∈ ℝ is the angular acceleration expressed in frame {B}, (•) is the skew-symmetric operator such that × = ( ) , = { , , } is the body-fixed inertia matrix, and is the applied moments on quadrotor.
Extending Eqs. (1) - (4), the complete dynamic model [26, 27] is as following. 
where (x, y, z) are the translational displacements in x, y, and z directions, ( , , ) is the angles of roll, pitch and yaw, which parameterize the orientation of frame {B} with respect to frame {W}. is the distance between the rotor's center and the quadrotor's CoG. (6) where represents thrust forces generated by four rotors, represents rotor moments. Both are proportional to the square of the angular speed.
Slung Load Modeling
From assumptions (3) and (5), we can consider the slung load as a spherical pendulum fixed at a single point. As shown in Figure 2 , the origin of the load coordinate system is exactly at the quadrotor's center of gravity, and the axes are parallel to the quadrotor's axes. Because the load is not allowed to swing to the upper hemisphere above the quadrotor, we need to make sure = √ 2 − 2 − 2 always nonnegative. For the interconnected system, the Euler-Lagrange method [13, 28] is used to compute the load accelerations ̈ and , which are shown in Eq. (8).
Coupling Dynamics Analysis
Since the suspended load has a non-negligible influence on the quadrotor, there is always a cable force between the quadrotor and load. According to the Newton's second law of motion, the cable force equals the mass multiplying the absolute acceleration.
where is the load mass and L is the cable length. Since the load is suspended at the quadrotor's center of gravity, it only affects the quadrotor's translational motion while the rotational motion remains the same. That means the cable force only causes an acceleration on the quadrotor's x, y and z directions. Also, we assume the yaw angle is a constant value of zero by an independent controller. Combining Eqs. (1) - (4) and (7), we can obtain the interconnected dynamics shown in Eq. (8 
Comparing to the original quadrotor dynamics in Eq. (5), we can treat the new r and s terms as external disturbances to the quadrotor. The details will be introduced in Section 3. In this way, we can simplify the uncertain suspended load problem back to the quadrotor control problem with external disturbances. Moreover, this disturbance can be regarded as bounded because the quadrotor payload is bounded.
CONTROL ALGORITHM DESIGN
The goal of the control system design is to make a quadrotor stabilize under the influence of an uncertain suspended load. In this section, the overall control scheme including an outer position controller and an inner attitude controller is firstly explained. Then we describe the SMDO-SMC controller and its implementation in the outer position control loop.
Overall Control Scheme
As we described in the previous section, we can treat the uncertain load as a bounded external disturbance to the quadrotor system. Thus, the quadrotor translational dynamic equations can be simplified to Eq. (9). 
where , and are the disturbances caused by the load mass in Eq. (7). Also we assume these disturbances are bounded because we only consider the safety flight conditions, i.e., the payload mass should be inside the range between 0 and the maximum value . In this way, our problem is simplified back to a normal quadrotor control problem. For our situation, we can define the problem as the form
where the state = { ,, ,, ,} , = { , , } and the disturbance = {0, , 0, , 0, } .
Based on these state equations, the overall control scheme is shown in Fig. 3 . The outer position controller uses SMDO-SMC method which will be introduced in the next subsection. It determines the desired roll and pitch angles for the inner attitude controller. Then the PD technique is applied in the inner attitude controller to track two desired angles as well as the given yaw angle. This technique is a conventional one based on the error between the desired setpoint and measured value. As it has been discussed in many other works such as [29] , we skip the details of this design in this paper. The quadrotor dynamics is based on Eqs. (5) and (9) while the load dynamics is depended on Eqs. (7) and (8) . After being updated by control signals under the influence of the disturbance from the load dynamics, quadrotor's new states are sent to the load dynamics and the position controller. Figure 3 : Overall Control Scheme. According to the expected and current position, the SMDO-SMC position controller determines the desired roll and pitch angles for the PD controller to track. Based on two controllers' control signal, the quadrotor dynamics block computes the states, which are used by the load dynamics and the position controller.
SMDO-SMC Controller
Since the system in Eq. (10) can be completely feedback linearizable, it can be changed to a regular form as in [22] . First we introduce the tracking error as = − as well as sliding variable and external disturbances as
where Ψ means the external disturbance, Ψ 0 is the known part while ∆Ψ represents the bounded uncertainties (||∆Ψ || ≤ ).
If defining the control input as ̃=̃, 0 +̃, 1 and using ̃, 0 to compensate the known part (̃, 0 = Ψ 0 ), then we know the control deriving ̇= ∆Ψ −̃, 1 to zero will be equal to the disturbance term. The SMDO theory defines the auxiliary sliding variables and such that
Then, = ( + ) ( ) is the control deriving to zero and maintain there for all subsequent time. However, it shows high-frequency switching, so we use a low pass filter in Eq. (14) to lower its frequency.
should be chosen carefully and it is recommended to satisfy lim →0 ∆ = 0 in [22] . Till now, we have finished the estimation of the unknown disturbance term ∆Ψ and the resultant control ̃=̃, 0 +̂, completely compensates for the system dynamics. However, a final control term needs to be added to drive to zero and satisfy the sliding model existence condition. Therefore, the final SMC-SMDO control signal is ̃=̃, 0 +̂, + 0, (15) where 0, > 0 is chosen to ensure fast reaching of the sliding surface by as soon as the disturbance is estimated and compensated (i.e. the convergence of cannot be faster than that of ).
Implementation of SMDO-SMC Based Control on Quadrotor
First, we define a tracking error between the position command profile and the actual position as 1 (17) to compute the thrust and commanded roll and pitch angles, which will be used by the quadrotor dynamics calculation and the inner PD attitude controller. 
NUMERICAL SIMULATION

Simulation Setup
In this paper, all simulations are completed in MATLAB/Simulink. The parameters of the quadrotor system in Eqs. (1) - (4) and (8) are shown in Table 1 . Four cases with different load masses are discussed to compare the impacts of the mass uncertainty on the quadrotor system. As mentioned by most quadrotor manufacturers and designers, the quadrotor behaves inappropriately or unreasonably if the payload mass exceeds its maximum capacity. Given this situation, it is meaningless to evaluate our controller performance which is designed for normal and reasonable flights. Therefore, we only consider the load mass in the range [0, 0.6kg]. According to the design theory in Section 3.2, we keep the known part Ψ 0 in the disturbance to be 0.3 so that the unknown bound will be ‖∆Ψ ‖ ≤ = 0.3 . To test its robustness, we simulated four cases with the load masses of 0.01kg, 0.2kg, 0.3kg and 0.5kg, so the corresponding absolute uncertainties are nearly 0.3kg, 0.1kg, 0kg and 0.2kg. These are four typical situations including the minimum, medium, maximum values in the uncertainty range of [0,0.3kg). The reason using 0.01kg instead of 0kg is that the latter makes the cable force negligible which violates the assumption (4). Since both controllers are initially designed for a 0.3kg mass, the control performance should decrease as the uncertainty increases. In other words, a 0.3kg load mass with zero uncertainty should be ideal case while a 0.01kg load mass (nearly 0.3kg uncertainty) should be worst case.
In each case, we define the quadrotor's initial position is [0,0,1] . The initial load's x and y positions are both 0.2m, which means the interconnected system is not at equilibrium and the load should begin moving at first due to the gravity force. Our control goal is to stabilize the interconnected system at the end, i.e., the final position of the quadrotor should still be Since the altitude z and yaw angle has no coupling with other states and can remain the desired value precisely, the control performance is evaluated on the quadrotor's x, y positions, the roll, pitch angles and the load's x, y positions. The control parameters are shown in Table 2 . Note these parameters are not changeable during four cases and they are initially designed for the 0.3kg load mass. 
Simulation Results
Case 1:
The absolute mass uncertainty is 0kg. This case is also known as a 0.3kg load mass. However, the load position amplitude of SMDO-SMC is about 0.05-0.1m higher than the PD controller during the first 4 seconds. This is because SMDO-SMC needs some time to estimate the external disturbance uncertainty first. As this uncertainty is estimated out and compensated gradually, the system begins to converge fast. This can also be reflected by a time period of 5s-10s. In terms of the stabilization time and attitude maintaining, SMDO-SMC has a better performance than a PD controller. Case 2: The absolute mass uncertainty is 0.1kg.
This case is also known as a 0.2kg load mass. The control performance with this small uncertainty is shown in Fig. 5 From Figure 5 , the SMDO-SMC control performance almost maintains. The only difference is that the stabilization time is one second longer than case 1. Since the uncertainty is not big, it can still be addressed by the PD controller. Thus, the PD control performance also keeps while the stabilization time is 3 seconds later than case 1. Another important difference here is a decrease of 6 degrees in the angle overshoot. The reason is that the load mass in this case is smaller than case 1. If starting from the same initial angle, the smaller mass correspondingly has a smaller overshoot. In contrast, the SMDO-SMC angles are close to case 1. Considering the angle amplitude, SMDO-SMC deals with the uncertainty better than a PD controller. Case 3: The absolute mass uncertainty is 0.2kg.
This case is also known as a 0.5kg load mass. The mass uncertainty begins increasing and its impacts can be seen in Fig.  6 (a) -(d) . In this case, the SMDO-SMC control performance is still close to the first two cases. The angle overshoot increases by about 1 degree. On the other hand, the PD controller stabilizes 8 seconds later than SMDO-SMC with a 30-degree angle overshoot. According to the stabilization time and angle overshoot, the difference of addressing the uncertainty between two controllers becomes bigger.
Case 4:
The absolute mass uncertainty is nearly 0.3kg.
Since we assume the cable is massless, we cannot make the payload mass to be 0kg. If so, the load position will be meaningless. As a result, we use 0.01kg instead to test the approximate maximum bound limit. Because the PD control parameters are designed for a 0.3kg payload, this uncertainty is large enough to make the controller unstable. It is indicated by the termination of the Simulink simulation, in which the load's positions r and s exceed the range of [0,0.5] violating the cable length constraints. Therefore, we only show the SMDO-SMC control performance in Fig. 7 . The reason is the payload's light weight. Its impact on the quadrotor is not significant any more, which violates the assumption (4). As seen in Fig. 7 (b) , however, the attitude almost changes in the range of [-1,1] degrees. If allowing some deviations for the quadrotor, 20s can be considered as the stabilization time. Anyway, SMDO-SMC outperforms the PD controller with regard to robustness against large uncertainties.
CONCLUSION
In this paper, we have investigated the influences of uncertain load masses on the quadrotor. This uncertainty is proved to have a notable impact on the quadrotor's stability and the impact gets stronger as the uncertainty increases. If the uncertainty is large enough, it can lead some controllers like the PD controller to fail. The better performance of SMDO-SMC than the PD controller verifies the importance of the controller's robustness against disturbances. Therefore, a controller with a strong robustness against disturbances is a better choice for the practical uncertain load transportation. In the next stage, we want to verify the simulation results in the real quadrotor systems. Also, we want to include a take-off or landing phase rather than just mid-air hovering. 
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